In the rst article (Rouan et al. 2000) we have described the principle of a coronagraph utilizing a four-quadrant phase-mask and the results of numerical simulations obtained in the perfect case. In this second article, we have performed additional numerical simulations to assess in more detail the performances and limitations of this coronagraph under real conditions. The e ect of geometrical parameters such as shape and size of both the phase-mask and the Lyot stop is studied. We also analyze the e ect of low and high-order aberrations generated for instance by the atmospheric turbulence. An important issue is the wavelength dependence of the phase-mask. We show that the performance decreases rapidly as the spectral bandwidth is increased and, as a consequence we discuss the manufacturing of achromatized masks using multiple thin lms. An optical concept is proposed.
Introduction
In our rst article (Rouan et al. 2000) , we presented a coronagraphic concept using a four-quadrant phase-mask in the focal plane. Unlike the disk-shaped phase-mask (DPMC in the following) described by (Roddier & Roddier 1997) , the four-quadrant phase mask (FQ-PM) divides the focal plane in 4 equal areas centered on the optical axis, with 2 of them providing a phase shift. This causes destructive interference to occur inside the geometric pupil area. An appropriate Lyot stop is therefore required to block a signi cant part of the di racted starlight. This design can in principle attenuate a star's halo to the 10 ?8 level, { 3 { corresponding to 20 magnitudes, at the location of the rst Airy ring (Fig. 1) . In perfect phasing conditions the dynamic range then achieved is larger than with a DPMC. Although not achromatic, the nulling performance of the FQ-PM and its behaviour regarding the tip/tilt errors, are quite similar to those achievable with an Achromatic InterferoCoronagraph (AIC) (Gay & Rabbia 1996) , (Baudoz et al. 2000a) , (Baudoz et al. 2000b) ) . Under atmospheric turbulence partially corrected with an adaptive optics system, the detection threshold for detecting a faint companion becomes rather 8 to 10 in magnitudes contrast in the very close vicinity of the Airy peak ( 3 =D, see the two simulations results in (Rouan et al. 2000) ). To improve the rejection rate in very good seeing conditions, the residual speckle pattern can be partly removed by subtracting each pair of quadrants. Finally, we concluded that the capability of the FQ-PM is very promising regarding the detection of exo-planets in space conditions where the speckle noise is less limitative and when phase errors are small.
In the section 2 of this article, we present more detailed numerical simulations which allow us to assess the e ect of internal (size of the mask and the stop) and external parameters (low and high order aberrations, spectral bandwidth).
In the section 3 we discuss the use of a large bandwidth regarding the problem of wavelength dependence and then we propose a solution to make the phase shift achromatic over a broad spectral band.
Numerical simulations in real observing conditions

Internal parameters
Ideally, the mask has to extend accross the entire eld-of-view to provide a perfect balancing of the ux in each quadrant, but in practice the size of the mask is nite. { 4 { Numerical simulations have shown that the optimal sizes of the four-quadrant phase mask and the Lyot stop are closely related. If the eld-size, corresponding to the size of the phase mask is made too small, the intensity at the edges of the relayed pupil becomes larger, then requiring a smaller Lyot stop. Figure 2 shows the loss of nulling, compared to the theoretical rejection rate (Fig. 1) as a function of the eld size, for 4 di erent sizes of the Lyot stop. With a stop size amounting to 95% of the geometric pupil diameter, the mask diameter has to be at least 32 =D to avoid a loss of cancellation.
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The pupil shape is another critical parameter with any kind of coronagraphic technique. In Figure 3a , we have quanti ed the e ect of a central obscuration in the entrance aperture. The central obscuration tends to degrade the nulling performance since it di racts a signi cant part of the starlight which re-appears in the relayed pupil. Di raction from the inner edge of the pupil has a wider spatial extent than from the outer edge and contaminates the whole pupil. To mitigate this adverse e ect a larger central Lyot stop is required, but this would a ect the intensity and resolution in the image of circumstellar features. Figure 3 gives the attenuation of the star light (integrated in the coronagraphic image) as a function of the percentage of central obscuration in diameter. The entrance pupil includes a central obscuration with spider arms. The Lyot stop is annular with four di erent outer diameters ( stop = pup (1 ? ), with = 0; 0:05; 0:15; 0:20). The corresponding inner diameter is oversized in the same proportion in other word: out = pup (1 ? ) and in = obs (1 ? ).
Without central obscuration the best cancellation is about 18 to 22 magnitudes (in total intensity) depending on the outer stop's diameter. Then, it decreases rapidly with increasing central obscuration, especially in the range 0 to 20% where the dynamic range is lowered by about 8 magnitudes for the smallest Lyot stop. This simulation clearly shows that even { 5 { a small central obscuration has a signi cant adverse e ect on the coronagraphic capability. In the Figure 3b , the same simulation has been performed with an optimized Lyot stop (simply with the complementary shape of the di racted light in the pupil). Spiders are added to the previous Lyot stop and at the inner edge of the pupil, a complementary shape di racts the starlight. The dynamic range is improved this way by 1 to 2 magnitudes.
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Attenuation of an o -axis companion
Given the geometry of the phase-mask, the intensity of a companion is a ected in 2 di erent ways in the following cases: 1/ if the companion is too close to the center of the phase-mask, its image is partially confused with the star's image. Then a signi cant part of the companion intensity is cancelled by the coronagraph. 2/ if the companion lies too close from a mask axis, then the phase shift between the adjacent quadrants produces a partial cancellation of this feature.
These undesirable e ects are assessed in the Figure 4a and 4b. Figure 4a gives the extinction rate of a companion located at 45 from the x-axis as a function of the distance to the eld. The attenuation of the companion is relatively low (less than 1mag) when the angular separation is =D and decreases to a few tenth of magnitude for 3 =D. Therefore, the FQ-PM retains the high-angular resolution provided by the full aperture and is able to discriminate the closest stellar companions. As a consequence, the FQ-PM is also very sensitive to guiding errors as pointed out in paper I.
{ 6 { Figure 4b shows the extinction of a companion crossing the x-axis and assumed far enough from the mask center (> 10 =D) to avoid the former e ect. Although the extinction is almost zero at a distance larger than 1 =D from the x-axis, it increases quickly when the companion reaches the transition between 2 quadrants, depending on the stop diameter. With a stop of 85% of the pupil size, the maximum attenuation is about 3.7 mag. Nevertheless, the companion cannot be completely cancelled when it lies along an axis but the detection may fail if the sensitivity is too poor. A 2-quadrant design is therefore unsuccessful to attenuate the starlight down to the level of extrasolar planets. In the rst article we have studied the e ect of the simplest aberration: the tip/tilt of the wavefront. We found that the extinction e ciency is degraded from 20 to 7 magnitudes in the rst Airy ring for a residual tip/tilt of 0:088 =D. The nulling performance decreases as the square of the amplitude of guiding error (see Fig. 5 ) of (Rouan et al. 2000) . In addition, the loss of attenuation is lower in the halo than in the central peak. This is a favorable condition for detecting surrounding faint stellar material. The loss of cancellation in the halo is less than 5 magnitudes for a pointing errors of 2% of the angular resolution. The tip/tilt is the most limiting low order aberration, but the FQ-PM seems to be less a ected than other coronagraphic techniques (see Fig. 4b ) of (Rouan et al. 2000) . The simulation results obtained for the tip/tilt are also applicable for a resolved star, since it can be considered as a sum of shifted point sources. Note that the Lyot coronagraph (Lyot 1939 ) is quite insensitive to tip/tilt errors since the opaque mask is much larger than the { 7 { Airy peak (> 3 =D). In the current design, the in uence of tip/tilt errors can be slightly reduced by adding to the FQ-PM an amplitude mask as in the case of Lyot coronagraphy but considerably smaller. Assuming a tip/tilt of 0.2 =D rms, a modest gain of 0.85 mag has been reached with a FQ-PM including a central Lyot mask of 0.09 =D in diameter.
To investigate the relative contribution of several aberrations we compute the FQ-PM image of the rst 100 Zernike polynomials. Figure 5 shows the residual intensity in the coronagraphic image for each Zernike polynomial normalized to the residual intensity of a perfect PSF. Although we expected a systematic smaller residual for even polynomials (because they t the FQ-PM symmetry), the gure 5 shows a more complicated rule which depends both on the radial and azimuthal order. First of all, we found that the tip/tilt (Z2 and Z3) exhibits the largest residual about 20 times higher relative to the other polynomials. Furthermore, for a given radial order, the residual intensity increases with the azimuthal order. Therefore, the zero azimuthal order polynomials (Z1, Z4, Z11, Z22, Z37, Z56, Z79) give the minima (almost constant value). As a result, we evidenced a pseudo-periodic behaviour between 2 minima. Finally, we also nd that the peak to valley ratio of a period increases with the radial order. Indeed, as the aberration becomes more complex, the intensity is smeared in a larger area around the PSF core and the phase-mask performs a lower attenuation.
Finally, we investigated the e ect of atmospheric phase disturbance. Random phase screens corrected with an adaptive optics (AO) system have been generated across the pupil using a Kolmogorov spectrum, for which the power of low spatial frequencies is attenuated to a constant value up to a cut-o frequency de ned by the inter-actuators spacing. Short exposures are derived from each phase map, and are co-added to provide the long exposure coronagraphic image. The resulting Strehl ratio (SR) depends on the turbulence parameters (r 0 , amplitude of the phase defects and number of actuators). The { 8 { wavefront has no temporal coherence since the phase screen is entirely updated for each short exposure and as a result, the speckle halo is more e ciently smoothed than in a real case. Furthermore, quasi-static aberrations downstream the AO system are not considered here. From this serie of simulations we derived the dynamic range at 3 =D plotted in Fig.  6 versus the Strehl ratio. Strehl ratio of 10% to 96% have been generated for a full circular aperture and in the case of a 25% central obscuration.
With a full circular aperture the dynamic range increases from 9mag to 11mag for 10% < SR < 50% and then becomes quite-stable for higher SR. At SR = 96% the dynamic is only 11.5mag instead of 22mag as obtained without phase errors. This large di erence is mainly explained by the residual tip-tilt which exhibits a quadratic dependence (see Fig.5 of Rouan et al. 2000) . As soon as a central obscuration is considered the dynamic range is lowered by 2 to 3.5 mag as explained in section 2.1. The dynamic range increases slowly to 8.5 mag for SR < 80% and improves rapidly for SR > 90% 2 mag for SR = 96% for instance. The FQ-PM capability is therefore much more a ected by the image quality when the pupil features a central obscuration. Since the residual star motion is the major source of degradation it would be desirable to implement a second stage of tip-tilt correction in the next generation of high-contrast coronagraphs. In this regard, we have estimated the dynamical range with a ne tip-tilt compensation. The gain with respect to Fig. 6 is shows on Fig. 7a and 7b respectively with and without central obscuration. In this case, the PSFs are simply recentered and the tip/tilt accuracy turns out to be improved to 3% =D rms. As expected from the results of Fig. 6 , the maximum gain (1.5mag at best) is achieved for SR < 50 with a full aperture and around SR 80% with central obscuration. In the former case no improvement is noticed above SR = 60% and in the latter, a signi cant gain is achieved progressively from SR = 20 80% and decreases rapidly since other kinds of aberrations (coma and trifoil for instance) become dominant at high Strehl ratio. Table 1 gives the maximum gain achieved when the accuracy of ne tip-tilt compensation is 0.5%, 1% { 9 { and 3% =D rms of the residual AO tip-tilt by direct centroid correction on this second stage.
Editor: Place Table 1 For a monochromatic phase-mask obtained with a thin lm of optical index n, the phase retardation is = 2 (n ? n 0 )e= with e the thickness of the layer and n 0 the optical index of the air. Therefore, the phase shift depends on the wavelength, but the FQ-PM does not have the added di culty met by the DPMC, where the mask size has to vary in proportion to wavelength.
We have investigated the e ect of several spectral bandwidths (from = 5nm to = 100nm) on a monochromatic FQ-PM (made with a single layer) for both the halo and the peak in the coronagraphic image. Results are displayed in Figure 8 . Here again, the halo is less a ected than the peak when increasing the spectral bandwidth.
The dynamic range variation is linear in magnitude with respect to the spectral resolution and features a changing of slope for R = 100. The largest value is achieved obviously in monochromatic light (22 mag at best, depending on the Lyot stop) and is lowered to 14 mag in the halo and 8 mag in the peak when the spectral resolution reaches R = 10 (typical resolution of broad-band lters).
{ 10 { In addition, the size of the Lyot stop has a strong in uence on narrow bandwidths and becomes less critical when the spectral band becomes broader (R < 100).
Spectral bandwith is also related to the accuracy of manufacturing. Thickness defects are equivalent to phase defects through the relationship = 2 = . In the Figure 9 , the loss of cancellation (in percent) is plotted as a function of a phase defects given in percent of the phase shift . Assuming a uniform phase defects on the total phase-mask area, the cancellation ( I) exhibits a square power law for each spectral bandwidth ( = = 5 50). As in the case of tip/tilt errors, this square law was expected since the amplitude of the resulting image is proportionnal to the phase departure which is also proportionnal to the thickness defects. From Figure 9 , we derive that I / x with x = ( = ) ?1=2 . For instance, with a phase defects of 2.5% ( 17:4nm with a SiO 2 layer) the loss of cancellation is about 8% for the monochromatic case ( = = 50) and 25% for a larger bandwidth ( = = 5).
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Achromatisation of the phase-mask
In the rst article, we described the possibility to manufacture an achromatic phase-mask using a stack of thin transparent lms. One of us (F. Lemarquis), proposes manufacturing a re ecting phase-mask with a high re ectivity quarter-wave multi-layer system using a stacking with a low and high optical index. The phase shift between two quadrants is provided by this layers structure for the rst pair of quadrants, and the opposite order for the second pair of quadrants. The alternate high and low-index layer of quarter-wave thickness are usually represented in the { 11 { forms: s HLHL...HLHL im for the rst pair of quadrants and s LHLH...LHLH im for the second pair of quadrants.
Where H and L symbolize the quarter-wave high and low-index layer respectively. The substrate is denoted s and the incident medium is denoted im. n H ; h H and n L ; h L are the index of refraction and the physical thickness for the two materials. In this scheme, all the quadrants have the same re ectivity factors, in the range 700-850 nm (see Fig 11b. ).
The e ect of the achromatic phase shift can be easily understood if one considers the simple case of two layers. It is known that there is not phase shift when n 1 < n 2 (the rst pair of quadrants) and a phase shift when n 1 > n 2 for all wavelength (the second pair of quadrants).
In your case, a problem appears with the rst re ection for the rst pair of quadrants. Indeed, this re ection is a phase shift because the low index n L > n im if the incident medium is air.
In fact, the perfect phase shift is obtained when the optical index of incident medium optical index is equal to the index of the quater-wave mirror ( p n H :n L ). Indeed, the accuracy of phase shift provided by the quater-wave mirror, depends on two parameters, rst of all the index of refraction of the incident medium im and secondly the anti-re ection coating between this incident medium and the quater-wave mirror. If this coating is a classical Broad Band Anti-Re ection Multi-Coating (BBAR MC) with 0:5% of loss, the phase shift is not accurate enough ( 0:25 radian). The use of an intermediate fused silica parallel plate (n p = 1:453 at 800 nm) enables one to minimize the di erence between external medium and p n H :n L of the quarter-wave mirror. But, this contrivance is not su cient to obtain immediately the phase shift close enough to , and in this case we have to do a BBAR MC, with a loss lower than 0:1% is mandatory in between the quarter-wave mirror and the silica parallel plate. Another solution consists in choosing an intermediate parallel plate with an index near p n H :n L .
Another problem arises when the re ective multilayer mirror is not used at normal incidence: the two polarizations undergo di erent phase shifts and this phase-error increases with the incidence angle. It turns out that the re ective phase-mask must be used close to normal incidence to retain phase errors due to polarization within the phase errors due to imperfect BBAR MC or dispersion e ects in the layers.
To optimize an achromatic phase-mask in the visible ( =700-850 nm) as described above we adopt an incidence angle of 6 . To obtain a phase shift with an accuracy of 5; 2:10 ?3 , this incidence angle must be smaller than 10 . Assuming a central wavelength of 800 nm, the quater-wave mirror can be made with a high index material TiO 2 (n H = 2:319 at 800 nm, h H = 86:23 nm) and a low index material SiO 2 (n L = 1:476 at 800 nm, h L = 135:48 nm). To achieve a high-re ectivity of 99%, 10 layers at least of TiO 2 ? SiO 2 must be stacked together.
To minimize the di erence in optical index between the fused silica parallel plate and the quarter-wave mirror, we introduce an anti-re ection coating (BBAR MC (1) Figure 11a shows the resulting phase shift for the polarizations s and p in the range 700-850 nm. The phase error is about 5; 2:10 ?3 radian PTV. The re ectivity coe cients are quite good (> 99% see Fig 11b. ), but this simulation is optimistic and does not take into account the scattered light in the layers, and variation of the layers thickness.
Editor: Place Figures 11 here
A di erent kind of achromatic concept has been proposed (Abe et al. 2001 ). Instead of a 4 quadrants phase mask it uses a pair of 2 quadrants phase mask with variable thickness in 2 orthogonal directions. The respective e ciencies of these achromatic solutions have to be compared accurately in a laboratory experiment in terms of capability and feasibility.
Photon noise vs. spectral bandwidth
Increasing the spectral bandwidth appears of interest for detecting very faint companion around bright stars. But, as pointed out in section 3.1, the performance of the FQ-PM is wavelength dependent. Then, a too large bandwidth signi cantly reduces the contrast in the halo when a monochromatic phase-mask is used (see Fig 8.) , and the faint companion may be no longer detectable. The choice of the spectral bandwidth is therefore a matter of trade-o between the achievable contrast and the photon noise.
{ 14 {
As an example, assuming a 7 th G2V star ( ux 2:5e:10 6 =nm in the K band), numerical simulation has been performed to assess the optimal spectral bandwidth required to detect a companion 15 mag fainter than the star with an angular separation of 2:2 =D. The signal to noise ratio is estimated from the ratio between the intensity of the companion integrated in the Airy peak (with a radius of 1:22 =D) and the intensity of the background integrated in the same area. This criterion is computed for several spectral resolutions, ranging from 5 to 50 with the FQ-PM being optimized for the central wavelength, various readout noise (1-100 e ? =pixel=frame) and phton noise. Results are displayed in Figure 12 . Using the narrowest bandwidth ( = = 50), the detection is photon noise limited up to 10 e ? =pixel=frame with an SNR of 3.6. When the readout noise becomes too large, the SNR falls down to the reliable limit of detection (3 ). A modest gain of 3% is achieved when the spectral resolution is decreased to = = 20. The capability of detection becomes very poor (SNR 1) for = = 10 and 5, indicating that there is nothing to gain by increasing the bandwidth at this stage since the signal of the companion is blurred by the Airy patterns corresponding to unextincted .
If we compare the SNR obtained in similar condition but with an FQ-PM supposed perfectly achromatic the narrowest bandwidth gives the same result than before, but the SNR is markedly improved with larger bandwidths and reaches 8 with = = 5. Thus, for our multi-layers phase-mask ( = = 5:4) the SNR reaches 7 .
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Conclusion
We have previously shown that the FQ-PM device os able to reach a star/companion ratio of 10 6 to 10 8 in a perfect case with no phase perturbation. Here we have investigated the loss of cancellation regarding several parameters in order to have a better understanding of this device in a more realistic case (atmospheric phase disturbance for instance). We also give an optical solution to achromatize the phase-shift. An experiment is currently in progress with a monochromatic phase-mask at the Paris-Meudon Observatory. We expect a better extinction than with other coronagraphic techniques but the performance will be constrained by imperfect thickness of the mask, aberrations of optical components and homogeneity of light source. The achromatic device would be directly usable with a good adaptive optics such as PUEO on the CFHT or HOKUPA (Guyon & Roddier 1999) , and especially NAOS on the VLT (Rousset et al. 2000) . The stop size is given in unit of the pupil diameter. The nulling degradation is estimated by integrating the residual intensity in the coronagraphic image, relative to a similar integration in the case of in nite eld (Fig. 1.) . It appears that, we can use phase-mask with 32 =D diameter to have the maximum extinction. The largest Strehl ratio is about 96% which is not su cient to achieve the best extinction (22mag with no phase errors). If we get rid of the photon noise, the detection of faint companions under atmospheric seeing is mainly limited by the speckle noise (basically proportional to the number of frames). For instance, if the number of frames is increased to 2000, the gain in magnitude is 2.5. The dynamic range would actually improve a lot between 96% and 100%. These simulations are performed with a Lyot stop 0.85 times the geometric pupil diameter. 
